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(Dated: Otober 13, 2018)
We present a supersymmetri desription of the quantum Hall eet (QHE) in graphene. The
noninterating system is supersymmetri separately at the so-alled K and K' points of the Brillouin
zone orners. Its essential onsequene is that the energy levels and the Landau levels are dierent
objets in graphene QHE. Eah energy level has a four-fold degeneray within the noninterating
theory. With the Coulomb interation inluded, an exitoni gap opens in the zero-energy state,
while eah nonzero energy level splits into two levels sine up-spin and down-spin eletrons ome
from dierent Landau levels. We argue the emergene of the plateaux at ν = ±(4n − 2) for small
magneti eld B and at ν = 0, ±1, ±2n for large B with n natural numbers.
Introdution: The quantum Hall eet (QHE) is one
of the most remarkable phenomena disovered in the last
entury[1, 2℄. Eletrons, undergoing ylotron motion in
magneti eld B, ll Landau levels suessively. Eah
lled energy level ontributes one ondutane quantum
e2/~ to the Hall ondutivity σxy. The Hall plateau de-
velops at σxy = ν(e
2/h), where ν is the lling fator.
It tells us how many energy levels are lled up. Hall
plateaux have been observed at ν = 1, 2, 3, . . . in the on-
ventional semiondutor QHE.
Reent experimental developments have revealed un-
onventional QHE in graphene[3, 4, 5, 6℄. The lling
fators[7, 8, 9℄ form a series, ν = ±2,±6,±10, · · · , where
the basi height in the Hall ondutane step is 4e2/h
[Fig.1(a)℄. A reent experiment[10℄ has shown a ne
struture at ν = 0,±1,±4 when larger magneti eld
is applied. In this Letter, we present a mehanism how
these unonventional lling fators arise on the basis of
the supersymmetri (SUSY) quantum mehanis[11℄. We
also eluidate how the graphene QHE is dierent from the
semiondutor QHE.
The low-energy band struture of graphene is de-
sribed by ones loated at two inequivalent Brillouin
zone orners alled the K and K' points. In these ones,
the two-dimensional energy dispersion relation is linear
and the dynamis an be treated as `relativisti' Dira
eletrons[12, 13℄, in whih the Fermi veloity v
F
of the
graphene is substituted for the speed of light. The
graphene system has the pseudospin degree of freedom,
where the eletron at the K (K') point arries the up
(down) pseudospin.
The graphene QH system possesses a unique hara-
ter that it has a supersymmetry within the noninterat-
ing theory[14℄. This follows from the basi fat that the
intrinsi Zeeman energy is preisely one half of the y-
lotron energy for Dira eletrons. It has two important
onsequenes [Fig.1(b)℄; the emergene of the zero energy
state, and the degeneray of the up-spin and down-spin
states for eah nonzero energy level. Sine this holds sep-
arately at the K and K' points, eah energy level has a
four-fold degeneray [Fig.1(b)℄, and the noninterating
system has the SU(4) symmetry. The resulting series
is ν = ±2,±6,±10, · · · . In this paper we fous on the
Coulomb interations, and explore how this degeneray
is modied. The zero energy state is distintive, sine
it ontains both eletrons and holes. Eletron-hole pairs
form an exitoni ondensation, produing an exitoni
gap. Hene, all states beome gapful. Aording to the
SUSY spetrum, a single energy level ontains up-spin
and down-spin eletrons belonging to dierent Landau
levels [Fig.1(b)℄. It implies that their wave funtions and
hene their Coulomb energies are dierent. The Coulomb
Hamiltonian, projeted to a single energy level, possesses
only the U(1)⊗U(1)⊗Z2 symmetry. Thus, the Coulomb
interation leads to the resolution of the four-fold degen-
eray into two two-fold degeneraies, eah of whih has
the U(1) symmetry. As a result we obtain the new series
ν = 0,±1,±4,±8, · · · . Sine all gap energies are pro-
portional to the Coulomb energy, or
√
B, this series is
expeted to appear for large magneti eld.
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FIG. 1: (a) The QH ondutivity in graphene. The dotted
blak urve shows the sequene ν = ±2,±6,±10, · · · , while
the solid red urve the sequene ν = 0,±1,±2,±4, · · · . (b)
The energy level and the Landau level. The spin is indiated
by a solid red (open blue) arrow for eletron and hole at the
K and K' points. This energy spetrum is a manifestation of
SUSY. TheNth energy level ontains up(down)-spin eletrons
from the (N +1)th Landau level and down(up)-spin eletrons
from the Nth Landau level at the K (K') point.
SUSY spetrum: We start with a onise review of
the SUSY desription of graphene[14℄. Corresponding
2to the K and K' points (τ = ±), we have two Dira
Hamiltonians
Hτ
D
= v
F
(αx(Px − τ~Kx) + ταy(Py − τ~Ky), (1)
where Pi ≡ −i~∂i+ eAi is the ovariant momentum, and
αi =
(
0 σi
σi 0
)
(2)
with σi the Pauli matrix for spins and K = (4π/
√
3a, 0).
Here, ±K represent the two Brillouin zone orners with a
the lattie onstant. We assume a homogeneous magneti
eld B =∇×A = (0, 0,−B) with B > 0.
The K dependene is removed from the Hamilto-
nian (1) by introduing the wave funtion ϕτ (x) =
eiτKxϕ˜τ (x). Then the Hamiltonian (1) is expressed as
H±
D
=
(
0 Q±
Q± 0
)
, (3)
with Q± = vF (σxPx ± σyPy). It is diagonalized[15℄,
H±
D
= diag.
(√
Q±Q±,−
√
Q±Q±
)
, (4)
where the negative omponent desribes holes.
We onsider the quantity
H±
P
= Q±Q± = v
2
F
(−i~∇+ eA)2 ∓ e~v2
F
σzB, (5)
where the diretion of the magneti eld is eetively
opposite at the K and K' points. Sine this has the same
form as the Pauli Hamiltonian with the massm∗ = 1/4v2
F
exept for the dimension, we all it the Pauli Hamiltonian
for brevity. The salient feature of the relativisti Dira
Hamiltonian is that its spetrum is mapped from that of
the nonrelativisti Pauli Hamiltonian. Thus, the energy
spetrum En of the Dira Hamiltonian is onstruted one
we know the one En of the Pauli Hamiltonian.
In the Pauli Hamiltonian, the rst term is the kineti
term while the seond term is the Zeeman term. It is xed
uniquely as an intrinsi property of the Dira theory: We
may all it the intrinsi Zeeman eet. The Landau level
is reated by eletrons making ylotron motion. In the
onventional QHE, sine the Zeeman energy an be on-
sidered muh smaller than the Landau-level separation,
we may treat it as a perturbation. However, this is not
the ase in graphene.
The Hamiltonian (5) is a simplest example of the SUSY
quantum mehanis[11℄, where the superalgebra reads
Hτ
P
=
1
2
{Qτ , Qτ} (6)
and
[Hτ , Qτ ] = 0, (7)
with Qτ the superharge (τ = ±). The energy eigen-
values of the Dira Hamiltonian H±
D
are found[14℄ to be
E+↑0 = E−↓0 = 0 (8)
and
E+↑n+1 = E+↓n = E−↓n+1 = E−↑n = ±~ωc
√
n+ 1 (9)
for n ≥ 0. There exists one zero-energy state only for up-
spin (down-spin) eletrons at the K (K') point [Fig.1(b)℄.
The existene of the zero energy state is an intriguing
property of the SUSY theory, where the bosoni and
fermioni zero-point energies are aneled out[11℄. The
physial reason is that the intrinsi Zeeman splitting is
exatly as large as the Landau level separation in the
Pauli Hamiltonian (5). The SUSY spetrum tells us that
it is neessary to make a lear distintion between the
energy level and the Landau level. This point has been
overlooked in all previous literatures on graphene QHE.
The SUSY spetrum ditates that eah energy level
has a four-fold degeneray [Fig.1(b)℄. The noninterating
theory has the SU(4) symmetry. The resulting series is
ν = ±2,±6,±10, · · · .
Projeted Coulomb Hamiltonian: We inlude the
Coulomb interation to the noninterating theory, and
analyze how it aets the four-fold degenerated eletron
states in the Nth energy level. We projet the Coulomb
interation to the Nth energy level, making a simple gen-
eralization of the lowest-Landau-level projetion[16℄ fa-
miliar in the onventional QHE.
For deniteness we expliitly analyze the Nth energy
level with N > 0. The result for N < 0 is obtained
by the eletron-hole symmetry without any alulation.
The ase N = 0 is analyzed in a similar way: See the
disussion on the exiitoni ondensation we give soon
after.
Aording to the SUSY spetrum [Fig.1(b)℄, the Nth
energy level ontains both up-spin (down-spin) eletrons
from the (N+1)th Landau level and down-spin (up-spin)
eletrons from the Nth Landau level at the K (K') point.
In eah energy level there exist four types of eletrons
desribed by four dierent eld operators ψσNτ (x). They
are expanded as
ψ↑N+(x) =
∑
n
ϕN+1n+ (x)c
↑
+(n),
ψ↓N+(x) =
∑
n
ϕNn+(x)c
↓
+(n),
ψ↑N−(x) =
∑
n
ϕNn−(x)c
↑
−(n),
ψ↓N−(x) =
∑
n
ϕN+1n− (x)c
↓
−(n) (10)
in terms of the wave funtion
ϕNnτ (x) = e
iτKx〈x|N,n〉, (11)
3and the annihilation operator cστ (n) ating on the Fok
state |N,n〉 ≡ |N〉 ⊗ |n〉 in the Nth Landau level with n
the Landau-site index.
We deompose the eletron oordinate x = (x, y) into
the guiding enter X = (X,Y ) and the relative oordi-
nate R = (Rx, Ry), x = X + R, where Rx = −Py/eB
and Ry = Px/eB with P = (Px, Py) the ovariant mo-
mentum. The projetion is to quenh the motion in the
relative oordinate.
In the Nth energy level, by deomposing the guiding
enter X and the relative oordinate R, the density op-
erator reads
ρN (q) =
∑
σττ ′
ψσ†Nτ (q)ψ
σ
Nτ ′(q) =
∑
σττ ′
F σττ ′(q)Dˆ
σσ
ττ ′(q),
(12)
where Dˆσσ
′
ττ ′ (q) is the projeted density[17℄,
Dˆσσ
′
ττ ′ (q) =
1
2π
∑
mn
〈m|e−i[q+τK−τ ′K]X |n〉cσ†τ (m)cσ
′
τ ′ (n),
(13)
and F σττ ′(q) is the form fator
F ↓++ (q) = F
↑
−− (q) = 〈N |e−iqR|N〉,
F ↑++ (q) = F
↓
−− (q) = 〈N + 1|e−iqR|N + 1〉,
F ↑+− (q) = F
↓
−+ (q) = 〈N + 1|e−i(q−K)R|N〉,
F ↑−+ (q) = F
↓
+− (q) = 〈N |e−i(q+K)R|N + 1〉. (14)
The set of these form fators is a diret onsequene of
the SUSY spetrum. For instane, F ↑+− represents the
transfer of the up-spin eletron (σ =↑) from the K' point
(τ = −) to the K point (τ = +). In this proess an ele-
tron in the Nth Landau level is moved to the (N+1)th
Landau level. Thus, the form fator neessarily mixes the
Nth Landau level and the (N+1)th Landau level. This is
an essential dierene from the onventional QHE, where
only one Landau level is involved. The form fators are
expliitly given by using[18℄
〈N+M |eiqR|N〉 =
√
N !√
(N +M)!
(
ℓBq√
2
)M
LMN
(
ℓ2Bq
2
2
)
× e− 14 ℓ2Bq2 (15)
for M ≥ 0 in terms of the assoiated Laguerre polyno-
mial.
The projeted Coulomb Hamiltonian is
HN = π
∑
ττ ′σ
∑
λλ′σ′
∫
d2q V σσ
′
ττ ′λλ′(q)Dˆ
σσ
ττ ′(−q)Dˆσ
′σ′
λλ′ (q),
(16)
where
V σσ
′
ττ ′λλ′ (q) = V (q)F
σ
ττ ′(−q)F σ
′
λλ′ (q) (17)
with the Coulomb potential V (q) = e2/4πε|q|.
The Coulomb Hamiltonian HN is invariant under two
U(1) transformations,
(
c↑+
c↑−
)
→ eiα
(
c↑+
c↑−
)
,
(
c↓+
c↓−
)
→ eiβ
(
c↓+
c↓−
)
, (18)
with two arbitrary onstants α and β. Additionally it is
invariant under the Z2 transformation,(
c↑+
c↑−
)
←→
(
c↓−
c↓+
)
, (19)
as orresponds to the fat that the magneti eld is op-
posite at the K and K' points. The symmetry is quite
small beause of the Landau-level mixing in a single en-
ergy level, as follows from the SUSY spetrum of the
noninterating theory.
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FIG. 2: A shemati illustration of the energy spetrum. (a)
Coulomb interations are negleted. All states are four-fold
degenerated. (b) Exitoni ondensation is taken into aount
at the zero-energy level. The four-fold degeneray splits into
two two-fold degeneraies with the gap energy (23). Eletron
(solid red line) and hole (dotted blue line) states are sepa-
rated. () All Coulomb interations are taken into aount.
Eah level splits into two subbands. The U(1) symmetry is
exat in eah two-fold degenerated level.
Exitoni ondensation: It is neessary to treat the
zeroth energy level (N = 0) separately from the others,
sine it ontains both eletrons and holes. They ome
from the Nth Landau levels with N = ±1. Due to the
Coulomb attration, eletron-hole pairs are expeted to
make bound states and ondense into the spin-singlet ex-
itoni states.
It is suient to investigate only eletron-hole pairs
at the K and K' points separately, beause an exiton
omposed of an eletron and a hole belonging to dierent
Dira ones is fragile. At the K point their eld operators
are
ψ
e
(x) =
∑
n
ϕ1n+(x)c
e↑
+ (n), ψh(x) =
∑
n
ϕ−1n+(x)c
h↓
+ (n).
(20)
The dominant eletron-hole interation is
HN = π
∫
d2q V (q)ψ†
e
(−q)ψ
e
(−q)ψ†
h
(q)ψ
h
(q). (21)
4The analysis of this Hamiltonian is similarly done as in
the BCS theory. However, the kineti term is absent
sine it is quenhed in eah Landau level. This simplies
the analysis onsiderably. In the mean-eld approxima-
tion, the singlet exitoni gap funtion satises the gap
equation,
∆(k) =
∫
d2k′V (k′−k)e−l2B(k′−k)2/2 tanh ∆(k
′)
2k
B
T
, (22)
where k
B
is the Boltzmann fator, and the suppression
fator e−l
2
B
(k′−k)2/2
has arisen from the projetion of the
Coulomb interation. In the limit T → 0, the zero-
momentum gap ∆(0) is given by
∆(0)|T=0 = π
√
2π
(
e2/4πεlB
)
. (23)
The exitoni ondensation resolves the eletron-hole de-
generay in the zero-energy state. As a result the four-
fold degenerated levels split into two two-fold degener-
ated levels [Fig.2(b)℄ with the gap energy (23). This leads
to a new plateau at ν = 0.
Pseudospin asymmetry: We an treat eletrons and
holes separately sine a gap has opened between the ele-
tron and hole bands [Fig.2(b)℄. Eah energy level is four-
fold degenerated within the noninterating model with
the SU(4) symmetry. However, the Coulomb interation
breaks it expliitly into U(1)⊗U(1)⊗Z2. We now argue
that plateaux emerges at ν = ±1,±2n by this symmetry
redution [Fig.2()℄.
We take the Hartree-Fok trial funtion for the Nth
energy level (N 6= 0) by requiring the symmetry,
|Φ↑N 〉 =
∏
n
(
u↑c↑†+ (n) + v
↑c↑†− (n)
)
|0〉 , (24a)
|Φ↓N 〉 =
∏
n
(
u↓c↓†+ (n) + v
↓c↓†− (n)
)
|0〉 , (24b)
with |uσ|2 + |vσ|2 = 1. They transforms properly under
the U(1) transformation (18), and exhange themselves
under the Z2 transformation (19).
It is easy to determine uσ and vσ by minimizing the
Coulomb energy 〈ΦσN |HC|ΦσN 〉. The result says
u↑ = v↓ = eiθ sinα, v↑ = u↓ = e−iθ cosα, (25)
where α is a ertain onstant given in terms of integrals
over various form fators together with the Coulomb po-
tential. The arbitrary phase θ assures the U(1) symme-
try. It follows that |u↑| > |v↑|, leading to the pseudospin
asymmetry, beause the Coulomb energy of an eletron
in higher Landau level is lower. These two states are
degenerate,
〈Φ↑N |HC|Φ↑N 〉 = 〈Φ↓N |HC|Φ↓N 〉, (26)
due to the Z2 invariane (19).
To study the zeroth energy level, we take the trial fun-
tion
|Φ0〉 =
∏
n
(
uc↑†+ (n) + vc
↓†
− (n)
)
|0〉 (27)
with |u|2 + |v|2 = 1. By minimizing the energy we nd
either u = 0 or v = 0, reeting the Z2 symmetry.
We have so far taken the intrinsi Zeeman eet into
aount. However, there may be an additional Zeeman
eet in graphene, whih make these two states split ex-
pliitly. Even without suh an extrinsi Zeeman eet,
driven by the Coulomb exhange interation, the spon-
taneous breakdown of the Z2 symmetry turns the system
into a QH ferromagnet[19℄. In any ase the exitation gap
is of the order of the typial Coulomb energy. This ex-
plains the emergene of plateaux at ν = ±1,±2,±4, · · · .
Disussions: We have presented a SUSY desription
of the QHE in graphene. It has an important onse-
quene that the energy levels and the Landau levels are
quite dierent objets in graphene [Fig.1(b)℄. One en-
ergy level ontains eletrons oming from two neighbor-
ing Landau levels. This is evidened in the Coulomb
energy through the form fator (14). We have derived
the Coulomb Hamiltonian (16), as ditated by the SUSY
spetrum.
Our formalism is onsiderably dierent from those as-
sumed by previous authors. Let us omment on them.
First of all, Aliia and Fisher[20℄ have not taken into a-
ount the projetion of the Coulomb interation. They
have also ignored the Landau-level mixing in a single en-
ergy level. Nomura and MaDonald[21℄ made only an
expliit analysis of the SU(4) symmetri term, whih is
extrated from (12) as
ρ
SU(4)
N (q) =
1
2
{FN (q) + FN+1(q)}
∑
στ
Dˆσσττ (q) , (28)
where we have set FN (q) = 〈N |e−iqR|N〉. We should
note that the SU(4) noninvariant term is as large as the
invariant term. This is essentially dierent from the on-
ventional QH system, where the noninvariant term an
be made arbitrarily small by ontrolling the external pa-
rameters suh as the layer separation d, the tunneling gap
∆
SAS
and the magneti g-fator. Finally, the spin degree
of freedom has been ignored by Goerbig et al.[22℄, where
FN (q) and FN+1 (q) appear only in the SU(4) symmetri
ombination in the density operator.
We have started with the SU(4) symmetry in the
noninterating theory, where gaps open at ν =
±2,±6,±10, · · · . The Coulomb interation breaks it ex-
pliitly into the U(1)⊗U(1)⊗Z2 symmetry. As a result,
new gaps open at ν = ±1,±4,±8, · · · . The remaining
problem is whether a further resolution of the degener-
ay may our.
Here, we reapture a similar problem in the spin-
frozen bilayer QH system[2℄. Let us ignore the tunneling
5gap ∆
SAS
. Then, there is the pseudospin SU(2) sym-
metry in the noninterating theory, whih is broken to
the U(1) symmetry expliitly by the apaitane eet.
Here, the exhange Coulomb interation generates the
pseudospin wave, whih is the Goldstone mode assoi-
ated with spontaneous breakdown (SSB) of a ontinuous
symmetry, and turns the bilayer system into the pseu-
dospin QH ferromagnet[19℄. Based on this analogy No-
mura and MaDonald[21℄ has onluded a spontaneous
development of the SU(4) QH ferromagnet in graphene.
We question why the SSB of a ontinuous symmetry
is possible at nite temperature in spite of the Mermin-
Wagner theorem in the onventional QHE. This is be-
ause there exists the tunneling gap ∆
SAS
6= 0 in the
atual bilayer system, whih gives a gap to the Gold-
stone mode. This is not the ase in the graphene QHE.
Graphene is an ideal two-dimensional system, and fur-
thermore the U(1) symmetry is exat. There is no ex-
ternal parameter whih breaks it expliitly to make the
Mermin-Wagner theorem inappliable. We onlude that
the SSB of the U(1) symmetry annot our in graphene,
so that the plateaux at ν = ±3,±5,±7, · · · will not
emerge.
The author is grateful to Professors T. Ando, Y. Iye
and Z.F. Ezawa for fruitful disussions on the subjet.
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